In this paper, we have studied heat transfer process in a continuously moving fin whose thermal conductivity, heat transfer coefficient varies with temperature and surface emissivity varies with temperature and wavelength. Heat transfer coefficient is assumed to be a power law type form where exponent represent different types of convection, nucleate boiling, condensation, radiation etc. The thermal conductivity is assumed to be a linear and quadratic function of temperature. Exact solution obtained in case of temperature independent thermal conductivity and in absence of radiation conduction parameter is compared with those obtained by present method and is same up to ten decimal places. The whole analysis is presented in dimensionless form and the effect of variability of several parameters namely convection-conduction, radiation-conduction, thermal conductivity, emissivity, convection sink temperature, radiation sink temperature and exponent on the temperature distribution in fin and surface heat loss are studied and discussed in detail.
Introduction
In mechanical process heat is generated in machines. The significant question arises here is that how to release this heat in environment. Fins or extended surfaces are used to release heat in environment. In many industrial applications such as hot rolling, optical fiber and casting, exchange of heat with the ambient while it is in continuous motion. The book written by A.D. Kraus et al. [1] provides knowledge about different type extended surfaces and used power law type heat transfer coefficient in chapter 18. Heaslet and Lomax [2] first analyzed radiating fins with variable thermal conductivity and variable emissivity on the fin faces. They considered longitudinal fins of rectangular profile. Stockman and Kramer [3] studied one dimensional heat flow in fin and tube configuration, and considered the variation of thermal conductivity and emissivity as linear functions of temperature. Campo and Wolko [4] studied rectangular fin with power law type variations in thermal conductivity and emissivity with temperature as k¼ k 0 T n , ε¼ ε 0 T m . They considered fin with constant base temperature and insulated tip. Jaluria and Singh [5] modeled such a problem and solved it numerically. They studied the effect of Biot number and Peclet number on temperature distribution in the material and the surface heat loss. Karwe and Jaluriya [6] used Crank-Nicolson finite difference method to compute the temperature fields in the fluid and in the moving material. Choudhury and Jaluria [7] found a double series solution for the two dimensional, transient temperature distributions in a moving rod or a plate moving with a constant speed and losing heat by convection to the ambient fluid through a constant heat transfer coefficient. Aziz and Lopez [8] studied the heat transfer process in a continuously moving sheet or rod of variable thermal conductivity that releases heat by simultaneous convection and radiation. They solved this problem using Runge-Kutta-Fehlberg method and effect of several parameters was studied in detail.
Aziz and Khani [9] studied convection-radiation of a continuously moving fin of variable thermal conductivity. They solved this problem using homotopy analysis method and analysed the effect of several parameters. Torabi et al. [10] studied heat transfer in a moving fin with variable thermal conductivity, which releases heat by simultaneous convection and radiation to its surroundings. Differential Transform Method was used in solution and the effects of several parameters were also studied. Aziz and Torabi [11] studied convective-radiative fin with thermal conductivity and surface emissivity as a linear function of temperature, and also studied heat transfer coefficient as power law type form of temperature. The Runge-Kutta-Fehlberg method of fourth and fifth order was used in solution [11] . Shukla [12] studied the temperature distribution in a sublimation-cooled coated cylinder in convective and radiative environments. Torabi and Yaghoobi [13] , studied heat transfer in straight fin with a step thickness and thermal conductivity considered as temperature dependent. Differential transform method (DTM) and variational iteration method (VIM) have been used in the solution. They conclude that DTM results are more accurate in comparison to VIM and HPM. In power law type form exponent 'n' has specific meaning in heat transfer process and depends on the mode of heat transfer. For example exponent n is 1/4 for laminar natural convection and 1/3 for turbulent natural convection and many other values of n studied by Holman [14] in chapter 7. Typical values of 'n' are -1/4 for laminar film boiling or condensation, 2 for nucleate boiling, 3 for radiation and 0 for constant heat transfer coefficient. Several researchers studied straight rectangular fin problems with power law type heat transfer coefficient and using different method. Chang [15] , Atay and Coskum [16] and Khaini et al. [17] used the adomian decomposition method, variation iteration method and homotopy analysis method respectively. Efficiency of fin with temperature dependent thermal conductivity was obtained as a function of thermo-geometric fin parameter. Cengel [18] , and Bergman et al. [19] studied fundamental of radiation and emissivity. The emissivity of a real surface is not a constant. Rather, it varies with temperature as well as the wavelength and the direction of emitted radiation. No solution is available when thermal conductivity, heat transfer coefficient and surface emissivity varies with temperature and surface emissivity varies with temperature and wavelength.
Nomenclature
In this study an attempt has been made to solve the nonlinear boundary value problem describing the process of heat transfer through continuously moving fin with simultaneous variation of thermal conductivity, power law type heat transfer coefficient. We consider a real surface of fin material whose emissivity varies (i) linearly with temperature and (ii) temperature and wavelength.
Four particular cases discussed in detail (i) when thermal conductivity and emissivity is a linear function of temperature (ii) when thermal conductivity is quadratic function of temperature and emissivity is a linear function of temperature (iii) when thermal conductivity is linear function of temperature and emissivity depends on temperature and wavelength (iv) when thermal conductivity is quadratic function of temperature and emissivity depends on temperature and wavelength.
Formulation of the problem
We consider the thermal processing of a plate or a rod of cross-sectional area 'A c ' and perimeter 'P', while it moves horizontally with a constant speed 'U'. The hot plate or rod emerges from a die or furnace at a constant temperature 'T b '. The motion of the plate or rod may induce a flow field otherwise quiescent surrounding medium or alternatively, the plate or rod makes us feel an externally driven flow over its surface. We consider hot plate or rod release heat in surrounding medium by convection and radiation. If natural or forced convection is weak then radiation plays an important role in heat transfer. 'T b ' is the base temperature, the sink temperatures for convection and radiation are denoted by 'T a ' and 'T s ' respectively. Fin tip is assumed to be adiabatic. The thermal conductivity of fin material k (T), the convective heat transfer coefficient h(T) are assumed to be function of temperature of the form
hðTÞ
We consider a real surface of fin material whose emissivity varies (i) Linearly with temperature [11] i.e.
for real material ε s oo 1, and (ii) With temperature and wavelength [16] i.e.
εðλ; TÞ ¼ Eðemisive power of real bodyÞ E b ðemisive power of black bodyÞ
for real material ε s ¼
where k a is the thermal conductivity of fin corresponding to the base temperature T b , h b is the convection heat transfer corresponding to the temperature difference 'T b -T a ' and 'ε s ' is the surface emissivity at the radiation sink temperature T s , β is the measure of variation of surface emissivity with temperature. h p ¼ 6.626 Â 10 À 34 J Á s, Plank constant, K b ¼ 1.381 Â 10 À 23 J/K, Boltzmann constant, C 0 ¼ 2.988 Â 10 8 m/s, speed of light in vacuum 'λ' wavelength (m). In Figure 1 , geometry of moving fin is presented which is given in [8] . The steady state energy balance equation for the material moving with a constant speed and loosing heat by simultaneous convection and radiation may be written as:
where α¼ k a /(ρC p ) is the thermal diffusivity of the material, ρ is the density and C p is the specific heat. The last term on the left in Eq. (5) is the advection term. The system subjected to boundary conditions as follows
Introducing the dimensionless variables and similarity criteria
The Eqs. (1) to (3) can be written in dimensionless form
where 1/H is surface emissivity parameter, when surface emissivity depend on wavelength and temperature, 0r1/Hr1.
The system of Eqs. (5) to (7) reduce in the following form (i) Surface emissivity varies linearly with temperature
(ii) Surface emissivity varies with temperature and wavelength
Legendre wavelet collocation method
Let
where 
The Legendre wavelet ψ n;m ðXÞ ¼ ψðk; n; m; XÞ; n̂¼ 2n À 1; n ¼ 1, 2, …, 2 k À 1 , k is any positive integer, m is the order of Legendre polynomials and 'X' is defined on the interval [0, 1] by
where m ¼ 0, 1, …, MÀ 1 and n¼ 1, 2,…, 2 k-1 . Here P m (X) is the well known Legendre polynomials of order m.
Integrating Eq. (13) with respect to X from 0 to X, we have
where P is 2 k-1 M Â 2 k-1 M, k¼ 1, operational matrix of integration given by Razzaghi and Yosefi [20] . 
Put X ¼ 1 in Eq. (19), we have
Eq. (19) becomes
Again Integrating Eq. (21) with respect to X from 0 to X, we have
Substituting θ″ðXÞ; θ 0 ðXÞand θðXÞ in Eq. (9) and Eq. (10), we get
As θ(X) is an approximate solution of Eq. (9) and Eq. (10). Choosing n collocation points X i , i¼ 1,2,3,…,n in the interval [0, 1], at which residual R(X, c 1 , c 2 ,…, c n ) equal to zero. The number of such points must be equal to the number of coefficients C ¼ c 1;0 ; c 1;1 ; :::; c 1;M À 1 ; c 2;0 ; c 2;1 ; :::; c 2;M À 1 ; c 2 k À 1 ;0 ; c 2 k À 1 ;1; ; :::;
And
Particular Cases:
Case I: when emissivity and thermal conductivity are linear function of temperature i.e. f ðθÞ
Case II: when emissivity is a linear function of temperature and thermal conductivity is a quadratic function of temperature i.e. f ðθÞ
Case III: when emissivity varies with temperature and wavelength and thermal conductivity is a linear function of temperature, Eq. (26) reduces to
Case IV: When emissivity varies with temperature and wavelength and thermal conductivity is a quadratic function of temperature, Eq. (26) reduces to
Solving system of Eqs. (27) to (30) separately by Newton-Raphson Method for Case I to IV, we obtain value of C.
Substituting these values of C in Eq. (22), we obtain required temperature.
Surface heat loss
A quantity of fundamental interest in thermal processing application is the amount of surface heat loss from the moving material to its surrounding. The energy entering at x¼ 0 consists of conduction heat transfer plus the energy advection. A portion of this energy is lost to the surrounding fluid and the remainder is advected at x¼ L. The energy conducted at x¼ L is zero. The energy balance equation can be expressed as follows
where T(0) and T(L) are the temperature at x ¼ 0 and x ¼ L respectively and q is the surface heat loss. Introducing dimensionless variables
and using dimensionless parameters 'Q' becomes
where θ(0) and θ(1) are dimensionless temperatures at X ¼ 0 and X ¼ 1 respectively. Eq. (32) represents conduction energy at X ¼ 0 and Eq. (33) represents advection energy at X ¼ 1 that is lost to the surrounding.
Comparison with exact result
The exact solution of above equation can be put in the form θðXÞ ¼ C 1 expðm 1 XÞ þ C 2 expðm 2 XÞ þ θ a ;
where
Þm 1 m 1 À m 2 expðm 2 À m 1 Þ ;
for validation of the present method we compare WCM with exact result. For, Nc ¼ 0.5, θ a ¼ 0.5, θ s ¼ 0 and Pe ¼ 0, 0.5, 1 Exact and WCM results are presented in Table 1 . We observe that as value of Pe increases, temperature in fin increases. WCM and exact both results are same and correct up to ten decimal places. Thus method provides a very good result for this problem. In numerical computation MATLAB 2012a software has been used.
Result and discussion
In Case I and II, the computation has been made and results are presented in 29 figures (Figures 1 to 29) . On the figures presented in this study, only the parameters whose values different from the reference valued are indicated. The selected reference values include B ¼ 0.5, Nc ¼ 0.5,
The dimensionless temperature θ is a function of space coordinate X for different thermal conductivity parameter A is shown in Figure 2 . We observe that the temperature in moving fin material increases as thermal conductivity parameter of material increases from 0 to 1. Here the most important point which we found that temperature in fin increases slowly. In Case I temperature in fin is higher than Case II. So Case II is more effective for cooling process. Effect of variable surface emissivity parameter 'B' on temperature distribution in moving fin is presented in Figure 3 . In this figure, B ¼ 0 represents surface emissivity of fin that is constant and its value is &s. As we increase value of B, temperature in fin decreases. In Case I temperature in fin is higher than Case II for all values of B. Thus, for cooling process the surface emissivity of the fin material is more effective in Case II than Case I.
The effect of Peclet number Pe (dimensionless speed of moving material) on the temperature distribution in fin is presented in Figure 4 . In this figure we observe that as we increase value of Pe, temperature in moving fin increases. At Pe¼ 0 (no speed of fin), in Case II temperature in fin is lower than Case I. Here we conclude that high speed of moving fin takes small time to release heat in environment, so that temperature in fin increases. In Case I temperature in fin is higher than in Case II. In Figure 5 , effect of convectionconduction parameter Nc on temperature distribution in fin is presented for Nc¼ 0, 1, 2. We observe that as value of Nc increases, temperature in fin decreases. Nc¼ 0 means no convection-conduction is there. We know that heat releases fast in its surroundings due to high convection-conduction process, this confirms from Figure 5 . Thus the temperature in fin decreases for higher values of Nc, consequently cooling is more effective in this process. In Figure 6 radiationconduction parameter Nr varies from 0 to 2 for Case I and II. Top two curves represent temperature distribution in fin for Case I and II when Nr¼ 0 that there is no radiation; consequently temperature in fin is very high. In this figure, we observe that temperature in fin decreases as value of radiation-conduction parameter increases. The temperature is lower in Case II in comparison to Case I. In any physical problem, if heat is released through radiation, then temperature must decrease, which confirms from Figure 6 . As heat radiation becomes higher, the radiative cooling becomes more effective, consequently temperature in moving fin decreases.
Effect of convection sink temperature 'θ a ' on temperature distribution in moving fin is presented in Figure 7 . Due to low convective heat loss, temperature in moving material increases. In this figure, we observe that as we increase the value of 'θ a ' temperature in fin increases. In Case I temperature is higher than Case II. Effect of the radiation sink temperature 'θ s ' on temperature distribution in moving fin is presented in Figure 8 . As we increase 'θ s ' temperature in fin increases due to radiative heat loss. For higher value of 'θ s ' temperature is higher. Effect of exponent 'n' presented in Figure 9 , shows that as we increase value of 'n' temperature distribution in fin increases. We observe that for laminar film boiling or condensation, cooling is more effective. In Case I temperature is higher than Case II.
In Case I effect of different parameters on surface heat loss is presented in Figures 10-17 . Effect of Nr and Nc on surface heat loss is shown in Figure 10 . In our problem if there is no radiation and convection (Nc ¼ Nr ¼ 0) surface heat loss must be zero; this confirms from Figure 10 . In this figure top curve represent high surface heat loss for high convection. We observe that as we increase convection and radiation, either individually or together, surface heat loss increases as required. In Figure 11 we observe that as we increase sink temperature and thermal conductivity parameter 'A'; surface heat loss decreases rapidly. When thermal conductivity of fin material is zero then surface heat loss should be minimum. An effect of convection parameter and sink temperature on surface heat loss is presented in Figure 12 . Surface heat loss decreases as value of sink temperature increases. When convection is zero, surface heat loss is represented by lower line. Effect of sink temperature and 'Nr' on surface heat loss is shown in Figure 13 which is similar as Figure 12 . Effect of Pe and 'A' on surface heat loss is presented in Figure 14 . In this figure bottom line represent surface heat loss when thermal conductivity is zero. For higher thermal conductivity, surface heat loss is higher. We observe that surface heat loss increases as thermal conductivity and Peclet number increases. Effect of Peclet number and convective sink temperature on surface heat loss is presented in Figure 15 . We observe that surface heat loss is higher for low sink temperature. As we increase the value of sink temperature, surface heat loss decreases. As Pe increases, surface heat loss increases. In Figure 16 effect of radiation sink temperature and Pe on surface heat loss is presented; observations are similar as Figure 15 . Effect of Peclet number and radiation on surface heat loss is shown in Figure 17 . For Nr ¼ 0 i.e. no radiation, we observe that from bottom curve, surface heat loss increases very slowly. Surface heat loss increases as value of Pe and Nr increases. Top curve represents high surface heat loss due to high radiation.
Effect of exponent 'n' and other combinations on surface heat loss are shown in Figures 18 to 24 . In Figure 18 we observe that as we increase exponent 'n', surface heat loss decreases. As the thermal conductivity parameter increases, surface heat loss increases. In Figure 19 we observe that as we increase emissivity parameter 'B' surface heat loss increases but as we increase value of exponent 'n' surface heat loss decreases. In Figures 20, 21 and 22 effect of Nc, Nr and 'Pe' on surface heat loss with increasing 'n' are studied. In these three figures lower line represent surface heat loss for n ¼ 3 (radiation); i.e. for higher value of 'n' surface heat loss is lower. As we increase convection, radiation and advection then surface heat loss increases as required in physical problem. Effect of θ a and θ s on surface heat loss with increasing value of 'n' is presented in Figures 23 and 24 . As value of convection sink temperature and radiation sink temperature increases, surface heat loss decreases with increasing exponent 'n'.
In Figures 25 to 29 we have studied separate effect of different parameters on surface heat loss Q, advection heat loss Q a and the base heat loss Q c . In Figure 25 , the effect of Table 2 Comparison of WCM and DTM results for temperature distribution in fin when X¼θ a ¼ θ s ¼ n ¼0. 'Pe' and 'A' on Q, Q c and Q a is presented. When thermal conductivity A ¼ 0, base heat loss Q c decreases; surface heat loss Q and advection heat loss Q a increases as Pe increases. Top three lines represents value of Q, middle three lines represents Q c and lower three lines represents Q a . Effect of dimensionless sink temperature and Peclet number is presented in Figure 26 . In this figure top three curves represent surface heat loss Q. We observe that surface heat loss increases as value of Pe increases, Pe increases only when ratio of UL/αA c increases i.e. speed of fin U increases or value of αA c decreases. For higher sink temperature, surface heat loss is lower. Middle three curves represent base heat conduction Q c . As value of Peclet number and sink temperature increases, base heat conduction Q c decreases. As Peclet number 'Pe' increases, the advection heat loss (three bottom curves) also increases. Similar effect has been observed of Pe and dimensionless radiation sink temperature θ s and 'n' on Q, Q c and Q a as shown in Figures 27 and 28 respectively. Effect of radiationconduction parameter and Peclet number on surface heat loss, advection heat loss and base heat loss are presented in Figure 29 . For clarity and explanation we have used colored figures. Three magenta color lines represent the Case of no radiation i.e. Nr ¼ 0. As 'Pe' increases advection heat loss increases but the base heat loss decreases. Surface heat loss increases as value of 'Pe' and 'Nr' increases.
For Case I, we compare Exact and WCM result in Table 1 and observe that both results are exactly the same. For n¼ 0, and B ¼ 0, results obtained by wavelet collocation Table 3 Case III: Effect of 'n' and 'λ' on temperature distribution in fin when thermal conductivity is the linear function of temperature and emissivity depends on wavelength.
T b ¼800 K, A ¼0.5, B¼ 0.5, Nc¼ 0.5, Nr ¼0.5, Pe¼0.5, θ a ¼0.5, θ s ¼0.5 Table 4 Case IV: Effect of 'n' and 'λ' on temperature distribution in fin when thermal conductivity is the quadratic function of temperature and emissivity depends on wavelength. [10] , are nearly the same upto four decimal places as shown in Table 2 . The error in DTM increases with a variation in thermal conductivity parameter 'A'.
In Case I and II, effect of different parameters studied in detail and presented in 29 figures.
For Case III and IV results presented in Tables 3 and 4 . Effect of exponent and wavelength on temperature distribution in fin is studied in Table 3 , for T b ¼ 800 K, A¼ 0.5, B ¼ 0.5, Nc ¼ 0.5, Nr ¼ 0.5, Pe ¼ 0.5, θ a ¼ 0.5, θ s ¼ 0.5, n¼ À1/4, n¼ 1/4, n¼ 3, λ¼ 1 μm and λ¼ 10 μm, when thermal conductivity is the linear function of temperature. We observe that as we increase value of wavelength, temperature in fin decreases, as value of 'n' increases temperature in fin increases. Due to high emission, energy release fast in environment, consequently cooling becomes more effective. It has been observed that when heat transfer through radiation (i.e. n¼ 3), the temperature in fin is highest.
In Table 4 , for T b ¼ 800 K, A ¼ 0.5, B ¼ 0.5, Nc ¼ 0.5, Nr¼ 0.5, Pe ¼ 0.5, θ a ¼ 0.5, θ s ¼ 0.5, n ¼ À1/4, n¼ 1/4, n¼ 3, λ ¼ 1 μm and λ ¼ 10 μm, we obtained temperature in fin when thermal conductivity is the quadratic function of temperature and emissivity depends on wavelength, which is presented in Eq. (4). When we compare Tables 3 and 4 we observe that cooling is more effective when thermal conductivity is the quadratic function of temperature.
Conclusion
A mathematical model describing heat transfer in a continuously moving fin with temperature dependent thermal conductivity and heat transfer coefficient whose surface emissivity varies with temperature and wavelength is studied. The WCM has been briefly described and then used to obtain approximate numerical solution of this problem. The obtained results are compared with exact solution of a particular Case and are same up to ten decimal places. Four particular Cases of technical importance are dealt in detail. It has been observed that cooling is more effective when fin materials having quadratic type thermal conductivity comparison to linear type thermal conductivity. For higher values of exponent, convection and radiation sink temperature, heat releases fast from fin. Cooling process is fast in nucleate boiling. As value of 'n' increases, surface heat loss in fin decreases. Due to high convectionconduction and radiation-Conduction parameters heat releases fast in environment consequently cooling becomes more effective. However, as the fin moves faster, i.e. Peclet number 'Pe' increases the temperature in fin increases i.e. the fin experiences the slower cooling. For High wavelength, temperature in fin decreases consequently cooling becomes more effective. We observe that temperature in fin is low when thermal conductivity is quadratic. Temperature in fin decreases as value of exponent and wavelength increases. It has been observed that as dependency of emissivity increases with wavelength, the temperature of fin decreases.
